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The present paper resolves two systems of differential equations that describe the initial steps of the intracellular dynamics of the 
influenza A virus. The first one describes the virus entry process and the next step proposes an approximate solution that is capable 
of describing the RNA Viral replication process using a deterministic model. Finally, it is necessary to include additional terms in the 
equations that have been initially proposed in the scientific literature.

The influenza A virus is genetically changing every year which 
is why it has been difficult to develop an efficient vaccine to pre-
vent it. At this time, we can remember four pandemics of Influenza 
A where the first occurred in 1918 that was caused by the H1N1 
virus with the genes of an avian origin that infected approximately 
one third of the world's population. In the pandemics of 1957 and 
1968, there were more than one thousand deaths worldwide. The 
2009 pandemic had more than 60 million registered cases record-
ed worldwide. For that reason, it is important to develop models 
that help us to understand the biology of the virus and to be able 
to develop better strategies that would assist us in order to control 
the virus.

As indicated in the introduction, we separately resolve the first 
two steps of the intracellular virus dynamics: 1) the description of 
virus entry, and 2) the description of the viral replication. Although 
the complete system proposed by Heldt must be solved in simulta-

Introduction 

Methodology

Figure 1 shows the compartmental model of the first two steps 
of the intracellular virus dynamics, where the letter (A) describes 
the viral entry process and (B) describes the viral replication. In 
this procedure, it is necessary to add additional terms to the sys-
tem proposed by Heldt., et al. and these additional terms are high-
lighted in blue in the equations for easy identification.

The first complete mathematical model of the Influenza A virus 
cycle was proposed by Heldt., et al. in 2012 [1]. In the model, they 
numerically solved a system of 32 differential equations that were 
capable of modeling the behavior of the intracellular dynamics of 
the influenza virus. This included the entry virus, the viral replica-
tion, the viral transcription and the protein synthesis, and the virus 
release.

The differential equations originally proposed by Heldt were 
somewhat incomplete and it was found to be necessary to add ad-
ditional terms in order to guarantee the equilibrium of the system 
in the first two steps of the life cycle of the virus. Finally, the equi-
librium condition was found for each of the two initial steps of the 
infection cycle of the influenza A virus.

Mathematical model

neity, a separate analytical solutions may hopefully increase our 
intuition. 

Figure 1: The compartmental model of the entry model 
(A) and the viral replication employed in the model (B), where 
we defined ,Bind Deg

NP NP RrdrpA K P Kº - ,Bind Deg
Rdrp Rdrp RB K P Kº -
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The first mathematical model capable of describing only the 
virions binding to membrane receptors was proposed by Nunes-
Correia., et al [2]. It was subsequently modified by Heldt., et al [1]. 

Virus entry model
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The next step describes the replication of the virus. It was pos-
sible to derive a critical point according to the simplification de-
scribed above with the terms PM1, PRdrp, PNP, and PNep assumed to be 
constant:

where 

where the expressions C1 and C4 were previously defined. In this 
case, there is a single real eigenvalue given by

The first model describing the virus entry of influenza A is ex-
amined at the critical point:

Results and DiscussionThe process begins when the virions bind to neuraminic acids on 
the cell surface and enter the cell via endocytosis. The term VEx cor-
responds to the number of viral particles infected per cell and 

  and       are the virions that correspond to the extracellular 
medium and the early endosomes. When considering only this first 
step, it was found to be necessary to include additional terms to the 
Heldt’s model in equations (2), (3) and (4). The system shown in 
figure 1 can be described with the equations. 
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Viral replication is described with the differential equations (5) 

through (13) based on the original model proposed by Heldt., et 

al. [1] with additional terms in equation (6) and in equation (11). 

Remember that nuclear vRNPs (       ) synthesize cRNA (RC). The 

vRNA (RV) is directed by cRNPs (CP) where both terms of synthesis 

are degraded with a rate Deg
K R . Subsequently, the viral polymerase 

with cRNA is formed ( C
RRdrp ) and vRNA ( V

RRdrp ). Later, the M1 pro-

tein can bind to vRNP to form M1-v-RNP complexex (
1

Nuc
MP

V ), and 

finally a complex is formed with the association of NEP to form the 

NEP-M1-vRNP complexes (
1

Nuc
MP

V ) are transported to the plasma 

membrane where the virus budding takes place.

Viral replication

NucP
V

In order to analytically solve this system of equations, the fol-
lowing assumption was made: PM1, PRdrp, PNP, and PNep were con-
sidered to be constant. The equations that define the dynamics of 
these four terms were not able to be solved analytically. 

The Jacobian (J) will be denoted in the following way in order 
to be able to observe each of the terms that are different from zero.

From this equation, a stable point will always be present for the 
values of the constants being positive. Figure 2 shows the results 
that are evaluated at the point (VEn*,VEx*)=(0,0) where we observe 
how the red lines show that the different trajectories within the 
vector field converge. This indicates that it is a point of equilibrium.
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If we assume that VEn=0, then the critical point for the viral repli-
cation are also zeros, ie., (VPCyt* = 0, VPNuc* = 0, RC* = 0, RV*

*C
RRdrp  = 0, *V

RRdrp  = 0, *
1

Nuc
MP

V  = 0, *
1

Cyt
MP

V  = 0).

The determinant of the Jacobian evaluated at this critical point 
is equal to

From the last expression, it is observed that the system is stable 
when the eigenvalue is negative which occurs for the condition that
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Figure 2: Diagram of the vector field obtained with  
Python using the matplotlib module

Conclusion

The present paper presents the possibility of analytically solv-
ing the first two steps of the intracellular dynamics of the Influenza 
virus A according to the model originally proposed by Heldt., et 
al. In the first case, an analytical solution is obtained where it is 
observed that the condition of equilibrium is always reached from 
the point of view that the number of infected viral particles that 
reach the cell while the replication process was necessary in or-
der to make an approximation to find an analytical solution. Finally 
we must simplify the model proposed by Heldt that allows us to 
describe the last two stages of the virus dynamics, that is, the vi-
ral transcription and protein synthesis and finally the virus relay 
which complicates this solution.
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